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Flow development effects in the large arteries are investigated analytically using a mathe-

matical model of pulsatile, viscous flow in a semi-infinite, thick-walled elastic tube.

A coupled

set of differential equations and boundary conditions for the fluid and tube motions, con-
taining approximations valid for the large arteries, is solved using Fourier series and Laplace

transform techniques.
displacements and stresses.

Results include fluid velocity and pressure distributions and tube wall
It is found that flow development depends primarily on the

Reynolds number and the unsteadiness parameter with wall elasticity of secondary impor-
tance. The developmentlength is comparable to the lengths of many arteries, and within the
development region wall shear stresses are high. Thus, flow development effects can be im-

portant in thelarge arteries.

Nomenclature
a = unstressed internal tube radius
¢ = complex propagation velocity
Cz = friction coefficient of axial tethering
E = Young’s modulus
F.f = fluid velocity at tube entrance
g = pressure at tube entrance
h = p-g
i = (—=1)v2 ‘
k. = spring coefficient of axial tethering
Mms = mass coefficient of axial tethering
n = harmonic number
N = highest harmonic in finite Fourier polynomial
Pp = pressure
Pe = perivascular pressure
R,r = radial coordinate
Re = Reynolds number, Foa /v
s = Laplace parameter
Tt = time
Uu = axial fluid velocity
Vo = radial fluid velocity
X,z = axial coordinate
« = unsteadiness parameter, a(w/»)"/2
B = dimensionless external tube radius
v = elasticity constant [Eq. (9)]
€ = elasticity parameter [Eq. (19)]
H,n = radial wall displacement
2] = azimuthal coordinate
A = eigenvalue
" = Lamé coefficient
v = kinematic viscosity
it = axial wall displacement
p = fluid density
s = Poisson ratio
709,7r = hoop and shear stress in the tube wall
2] = angular frequency
() = Laplace transformed variable
[ 1 = matrix
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I.

OST theoretical investigations of blood flow in the large
vessels have concentrated on the fully developed re-
gion, that is, that portion of the flowfield located far enough
from the vessel ends or other geometrical discontinuities so
that end effects are negligible.!:> Much has been learned
about the nature of pulsatile flow and wave propagation in
the arteries. However, these analyses, limited by their as-
sumptions to regions where the flow is only weakly dependent
on the streamwise coordinate, are not expected to give an
adequate description of the motion in the development region
near the vessel entrance.

On the other hand, the flow development region may ex-
tend over large portions of the aorta, pulmonary artery, and
other vessels.? Indeed, since many vessels are relatively
short, the length required for flow development may be
greater than the distance between adjacent branching sites,
thus precluding the flows from ever becoming fully developed.

Within the development region, velocity and pressure
distributions, and hence the input impedance and vessel wall
deformations, can be quite different from those existing in a
fully developed flow. Wall shear stresses are usually larger
in developing than in fully developed flows. Since endothelial
injury has been linked to mechanical stresses imposed by the
blood,*5 it is possible that flow development plays some role
in atherosclerosis; this disease often occurs near vessel junc-
tions. Elastic end effects may also cause localized bending
stresses within the vessel walls near their ends.®

Some previous analyses have relevance to flow develop-
ment in the large arteries. Steady flow development in rigid
tubes has been investigated extensively?’; Kuchar and Os-
trach® extended this work to distensible tubes. Pulsatile
flow development in rigid tubes has been studied by Atabek
and Chang.®! However, since both vessel distensibility and
unsteadiness can be important in arterial dynamics, it is of
interest to investigate flow development including both
effects.

Introduction

II. Mathematical Model

Based on the physical characteristics of the vascular sys-
tem,? a model applicable to the large arteries has been chosen.
Blood is assumed to be a homogeneous, incompressible, New-
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tonian fluid. The vessel is modelled by a semi-infinitely long,
circular, thick-walled, linearly elastic tube, with external
tethering stresses to simulate tissue attachments. In addi-
tion, it is assumed that the flow is laminar and that the motion
of the entire system is axisymmetric and periodic in time.

This model differs from others used in blood flow analyses.
It is semi-infinitely long, in contrast to the wave propagation
models!?2 which are infinitely long and thus preclude investi-
gation of development effects. Also, it generalizes the flow
development models of Atabek and Chang® to the case of a
distensible, rather than rigid, tube, and of Kuchar and Os-
trach® to the case of a pulsatile, rather than steady, flow.

111, Eqﬁations and Boundary Conditions

A cylindrical coordinate system R, X, © is used, with the
origin located on the tube axis in the entrance cross section.
At the entrance, the fluid velocity is specified to be axially
directed, uniform across the section, and a periodic, non-
negative function of time F'(T)

N
F(T)= Y, FuinT>0 1)

n=—N

Based on the observation that the important harmonic con-
tent of typical arterial flows is confined to a small number of
the lowest harmonics,® the finite Fourier polynomial, Eq.

(1), provides a good approximation to a complete Fourier
series.

Governing equations for the flow are the continuity and
momentum (Navier-Stokes) equations. The important di-
mensionless parameters of the equations are the mean Reyn-
olds number Re = aF,/v and the unsteadiness parameter
a = a(w/v)Y2. Flow in the large arteries is characterized by
high Reynolds numbers, typically 102 to 10% and moderate
unsteadiness parameters, usually 10° to 10*. Under these
conditions approximations of the boundary-layer kind can be
introduced into the equations.®® That is, the pressure can be
considered to be uniform over each cross section and the
axial viscous term in the momentum equation can be ne-
glected.

" However, the nonlinear convective inertia terms in the
momentum equation are not negligible in the development
region. Because of mathematical difficulties associated with
these terms, a linearization is introduced. This consists of
approximating the nonlinear terms (UdU/0X + VOU/OR)
by F(T) 0U/0X. Linearizations of this kind have been used
previously in analyses of both steady and unsteady flow de-
velopment,® .11 and agreement with experimental results has
been satisfactory.!12  Although the technique makes the
momentum equation formally linear, a “quasi-nonlinear” be-
havior remains because both F and U are periodic functions
of time. Thus, such nonlinear phenomena as harmonic
interactions and harmonic generation are simulated by the
linearized equation.

In terms of the dimensionless quantities

r=R/a,z = X/aRe,t = oT,u = U/F,
v = ReV/Fy, f = F/Fy, p = P/pFs? 2)
the approximate equations for the flow are
- I LR
dp/or = 0 4)
ov/or + v/r = — du/ox 5)

The motion of the tube wall is described by the dynamic
equations of elasticity.** However, for the physiological
ranges of the fluid and tube parameters, and downstream of a
small “elastic end effect’” region at the entrance (which ex-
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tends over an initial axial length of the order of the tube ra-
dius), these equations can be approximated.’®4 The axial
displacement is small compared to the radial displacement,
and axial gradients of the displacements are small compared to
radial gradients. Furthermore, wall inertia is unimportant
for the frequencies of significance in the arteries. Introducing
the dimensionless displacements

= H/(pFa/n), § = E/(pFw/p) )
the approximate equations for the wall deformation are
An/drt + 1/r(Qn/0r) — /r? = @

o2 1 0¢ on n
b—ﬂ+7a~—( +1) (br+ r) ®)

The Lamé coefficient 4 and the constant v are related to the
Young's modulus and Poisson ratio by

w=E/@+ 20), v = 20/(1 ~ 20) ©)

Since the development length is much larger than the tube
radius for high Reynolds number flows,”® Eqgs. (7) and (8) are
valid over all but a very small fraction of the development
region. However, solutions of these equations will be used
forallz > 0.

Turning to the boundary conditions, at the tube entrance
the velocity and pressure are specified functions of time,

u0,rt) = f(t) = E faeint >0 (10a)

n=-—-N

p0) = gt) = Z gneint (10b)
n=-—N
At the wall, the fluid and tube velocities are equal. However,
since the mean axial fluid velocity is much larger than the
axial wall velocity,

wlz,1,t) = 0 (11a)

provides a good approximation for this component.’®** The
same approximation cannot be made for the radial compo-
nents, so that

U(xyl,t> = (PF02¢I2/H)D’1/at(xy1yi) (11b)

These conditions are prescribed at the unstressed, rather than
the deformed, surface since wall displacements are assumed to
be small compared to the unstressed radius. Symmetry
conditions along the centerline are

du/or(z,0,8) = v(2,0,6) = 0 12

At the inside and outside tube surfaces the stress vectors
within the wall must match those applied by the fluid and sur-
rounding tissues. Downstream of the small “elastic end
effect’’ region, and for the physiological ranges of the fluid
and tube parameters, this condition yields, at the inside
surface,14

('Y + 2) (an/br) (xyl t) + 'Y"’(xylrt) == p(a’)t) (133')

e+ 2ein=Len a3

On the outside surface it is assumed the tube is subjected to a
constant perivascular pressure and an axial tethering shear
stress, as described by Patel and Fry; the stress condition at
r = Bis, therefore,

(v + 2)on/or(@,B,t) + yn(x,B,t)/B = —p. (142)
of on _
a_ (x)ﬁyt) + a—x (x,B,t) =

0? e}
[ tegt

* otz k] £(x,8,t) (14b)
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Thus, the motion is described by five partial differential
equations for the fluid velocity components, the wall dis-
placement components, and the pressure. The fluid and wall
motions are coupled, through the boundary conditions, be-
cause the fluid stresses cause the wall deformation and the
fluid and wall velocities must match at the inside surface.

IV. Solution for the Wall Deformation

The wall displacements can be easily found in terms of the
fluid pressure and velocity. Integration of Eq. (7) and appli-
eation of the boundary conditions, Egs. (13a) and (14a), yield
the radial displacement %. Using this solution in Eq. (8),
£ is then found by direct integration and application of the
remaining boundary conditions, Eqs. (13b) and (14b). De-
tails of the method and a discussion of the results have been
given previously.’* For present purposes, the solutions of
most interest are the radial displacement

1 r ek .
et = g [ (1 +7) e -

g 8
i+ 5] o

and the hoop and shear stresses in the wall, nondimension-
alized with (oF¢?) and (pvFo/a), respectively,

Teo(,r,t) = ZBTI_—I) [(1 + l%:) plx,t) —

(32 52) p.| (16)
sz(x)ry,t) = [g_;ll (x117t) _i -
T -
T D@ = o @ ( r)_ a7

One important aspect of these intermediate solutions is that
the boundary condition which matches the fluid and tube
velocities at the wall, Eq. (11b), can now be rewritten in
terms of flow variables alone. Using Eq. (15), Eq. (11b) be-

comes :
, v(z,1,t) = €(0p/ot)(x,t) (18)
where ¢, given by
- pFa? [ R 1 ]
TnEe-nl” T (19

is called the elasticity parameter.

Y. Solution for the Flowfield

For motions periodic in time, all dependent variables could
be expanded in uniformly convergent Fourier series. How-
ever, because of the limited harmonic content of typical
arterial flows,® the finite Fourier polynomial

Z Yn(a,r)eint (20)

n=—N

y(l‘,"',t) =

is a good approximation to a complete Fourier series. Al-
though the limit N is the same as that used in boundary
conditions, Eq. (10), generation within the flow of harmonies
not present at v = 0 can be investigated by setting some of the
coefficients in Eq. (10) equal to zero.

In the Fourier plane the flow problem, Egs. (3, 5, 10, 11a,
12 and 18), becomes

0? OQun—j _ dha
(ar2 + 5; — ina >un J~Z_:Nf, = 21

(1/7)0/0r(rv,) = —du./ox (22)
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with boundary conditions

Ua(0,7) = fu, ha(0) = 0 (23)
Un(z,1) = 0 (242)
on(,1) = inelhn(z) + go] (24b)
U,/ Or(x,0) = v,(2,0) =0 (25)

Here A, represents the pressure difference (p, — ¢.). In Eq.
(21), the effect of the convective inertia term is to produce
harmonic interactions, that is, each harmonic is coupled to a
number of others. Thus, the 4, must be determined simul-
taneously, rather than individually.

A useful result derived from Eqs. (22, 24b, and 25) is

a% fo rundr = — ine[ha(@) -+ gu] (26)

That is, in elastic tubes, ¢ # 0, the instantaneous axial flux
need not be the same for each cross section.

Since n ranges from —N to N, Eq. (21) represents a set of
(2N + 1) coupled partial differential equations, while Eq.
(26) gives an additional relationship between each u, and h,.
If Egs. (21) and (26) can be solved together for the u, and
hn, the radial component v, can be found subsequently from
Eq. (22).

The variable z can be eliminated from the problem for
uy and hy, by applying the Laplace transformation,

76 = [\ y@esedz @)

where s is the Laplace parameter. In the Laplace plane, the
equations become

2 1d _ & .
<J73 + Td—; — na ) Un — j=z_:Nf,'Sun__, = 8h, —
N

E fifa—s  (28)
7L=isf17’?2d7‘——f—" — (29)
n ne 0 n 2 S
with boundary conditions
(1) = di,/dr(0) = 0 (30)

Equation (28) represents a set of (2N + 1) coupled, non-
homogeneous, ordinary differential equations, with Eq. (29)
providing another set of (2N + 1) relationships between @.
and h,. It should be noted that A, depends only on pa-
rameters, including s.

In matrix notation, Eq. (28) is

(D — [AD[a]l = s[h] — [q][f] (31)
where [@], [h], and [f] are column matrices,
D = d*/drt + (1/r)d/dr (32a)
is a linear differential operator, and
r1 fl e fN -
. . 0
J-1 1
[q] = ];—N I~
1
0
L f-x 1.5
(32b)
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. J Fig. 1 Velocity of the steady component in the develop-
L —N ment region.

(32¢) . . . .
inversion is the sum of the residues of the integrand of Eq.
and (37) at its poles. Evaluation of the residues is performed by
[A] = slq] + ia?[n] (32d) expansion of the integrand in power (Laurent) series about

are square matrices of order 2N + 1).

The form of D, the symmetry condition, Eq. (30), and the
fact that the right side of Eq. (31) is independent of r suggest
a solution of the form [@#] = Io(AV?r) [e] + [a], where N is a
constant scalar and [e] and [a] are constant, nonzero, column
matrices. Substitution yields

(A[I]— [AD[e]l = 0 (33a)
and .
le] = [A172([q)[f] — s[R)) (33b)

Equation (33a) is an eigenvalue problem; that is, [e]is the
eigenvector of [4] associated with the eigenvalue N. There
exist (2N 4 1) eigenvalues, \., given by the roots of

det ([A] = NI =0 (34)

and hence there are (2N - 1) eigenvectors, [e.}]. The
general solution is a linear combination of the normal modes

[a] = [m]le] + [a] (85a)

where [m] is a square matrix having the normal modes,
To(A\.2r) [ea], as columns and [c] is column matrix of con-
stants. The boundary condition at r = 1, Eq. (30), yields
[e] = — [mi]7[a], where [m;] is [m] evaluated at r = 1.
Thus,

@] = ([I1 — [mlimi]=Y[a] (35b)
Using this result in Eq. (29), the matrix [h]is
[r] = [eln] + is?GI] — [ma]lma]H[A]7] X
[sGHT — [melm] ) [A]172[g]1f] —

? €
21— < g @6)

where [m,] is a square matrix having A, V2 (N.1%) [en] as
columns. Thus [k] can be eliminated from [a], leaving [#%]
as an explicit function of r and the parameters.

It remains to invert the solutions back to the Fourier plane
by use of the Laplace inversion theorem

i C+io
y@) = 5= [ go)eds 37
The functions . and k., are generally single-valued functions
of s, possessing an enumerable infinity of poles, which tend to
zero as 8 approaches infinity or can be made to do so by di-
viding them by s. In this case the line integral can be re-
placed by a closed contour, and by Cauchy’s theorem the

each pole.

VI. Case N =1

An example which illustrates the behavior of pulsatile
flow development, the influence of the parameters, and
harmonic interactions is the case when N = 1 and fi? « 1.
The entrance velocity thus consists of small oscillation of a
single frequency superimposed on a steady component;
generation of higher harmonics is not considered. The
effect of neglecting squares of osecillatory components com-
pared to unity is to simplify the matrix [¢] to

1/ 0
[q] = l:o 1 01 (38)
0 f1 1

Thus, the influence of the oscillatory component on the de-
velopment of the steady flow is negligible, but the steady com-
ponent has a unit order effect on the development of the os-
cillatory flow.

Following the method of solution discussed above, the
velocity solutions in the Fourier plane are

T RRC R oF A EEEC et PRUEETS

i=1Bi Jo(B;*2)
4 [n - T [ - 2
o ’g{ ' Jo(B51%) i Jo(v4%) X
= éz—f} > i - M — KT '
o o’ J’=ZO L |:1 Jo(8;12) ]e (39b).. !

The solution for u—; is just the conjugate of u;. In these

2.0

BNY

1.5
Fig. 2 Velocity of —~ 0.04
the oscillatory com- Toi= /—i |
ponent in the de- 2|5, 002
velopment region for 3|2 10
ea=1,1t=0,andf Wle X=0

varying as cost.
0.5

o]
0O 02 04 06 08 IO
r
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Fig. 3 Velocity of the oscillatory component in the de-
velopment region, for o = 10, t = 0, and f varying as cost.

solutions,

L 2eB;Jo(v;'%)
T 2evido(v YD) + 18:%(v5?)

g B JO(Kjl/Z)
L= {""a‘s" + 20 [ (2 + f‘f) i Jz(xj“z)]}/
kit + dex;(4da? 4 16;1;) — 4€%6;2  (40b)
vi = B; — 1al (40c)

(40a)

and
o; = k; — 1a? (40d)

The quantities 8; and «; are the roots of the characteristic
equations

Jo(B15) = 0 B; = 0) (41a)
k;2J2(8,1%) — 21ed;Jo(8;7?) = 0 (6; = 0) (41b)

Solutions of Eq. (41a) are well known, but those of Eq.
(41b) are in general complex and must be determined numeri-
cally as functions of the two parameters € and . However,
the elasticity parameter € is a small parameter, having values
of order 1072 or smaller in the vessels. Thus, it is possible to
obtain estimates of the roots and the solutions by a perturba-
tion about € = 0, the rigid tube limit.

In the limit as e approaches zero, the roots of Eq. (41b) are
given by

kg =0 (42a)
03
02 [ —
~ 0.10 /’\
é o1 |0:04 &\
~
. ooz |
< 0
3 A
) X=0
-0l
-0.2
) 0.2 04 0.6 0.8 1.0

r

Fig. 4 Velocity of the oscillatory component in the de-
velopment region, for « = 10, £ = 7/2 and f varying as cost.
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Ja[(k; — 1a®)??] = 0 (42b)
and the solution for u; becomes
N . . 43f; &
= g Uavren) — hne)) + L 35

Jo(B,) T N
[“Jo(ﬁwz)][l‘ﬁ,-wa?e ]e P 43)

Higher approximations can be obtained by expanding the
roots of Eq. (41b) in powers of /2. To order €2, the root
Ko is

Ko = £ [2000(20) /2(i%0) et (44)

while to this order the roots given by Eq. (42b) are un-
changed; these latter roots change only at order e. The
solution for u; to order €!/?is given by Eq. (43), except that the
first term on the right side is multiplied by e ~*%% with &,
given by Eq. (44).

The influence of € on the solutions in the development re-
gion can be investigated by another technique. With arbi-
trary e, the solutions in the Fourier plane for small x can be
found by expanding the solutions in the Laplace plane in
asymptotic series for large s, and then inverting term by

30

25 ;
.10 \
\\
04
20

0.5

(o]
o] 0.2 0.4 0.6 0.8 1.0
r
Fig. 6 Composite velocity in the development region for
a=10,t = 0,and f = 1 + 0.5 cost.
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Fig. 7 Composite velocity in the development region for
a=10,t = v/2, and f = 1 + 0.5 cost.

term.” Asan example, the result for p; is

41 12 '2&_'
pl:glll_mx [(G—i—wz)g1 ze]x-{—...}
(45)

Solutions of this type are valid only for small z, but apply for
arbitrary e.

VII. Discussion

Some idea of the nature of development effects can be
gained by examining the velocity profiles. The velocity con-
sists of the sum of the steady and oscillatory components.
Profiles for the individual components, based on Eqgs. (39a)
and (43), with € = 0, are depicted in Figs. 1-4.

In the steady flow development, Fig. 1, a boundary layer
exists near the entrance, but for z larger than about 0.04 the
sheared region has reached to the centerline. A parabolic
profile is attained asymptotically as z increases.

The profiles for the oscillatory component, Figs. 2-4, differ
markedly from those for the steady component. This is due
to both the effect of harmonic interaction with the steady
component and the fact that the fully developed oscillatory
profiles are functions of « and time, which tend to become
flattened and exhibit backflow near the wall as « increases
above unity.

The extent of the development region in an oscillatory flow
depends on time. For example, the profiles in Fig, 3 are inde-
pendent of z for z larger than 0.04. However, at a different
time in the pulse cycle (Fig. 4) the development occurs over a
much longer region.

Composite profiles, which add the steady and oscillatory
components, are shown in Figs. 5-8 for an entrance velocity

1.5

\w
0.0 \\
N
v 10554 a——
-~ \
S T \ 0.02
0.04
0.10 \
o
0
0 0.2 04 0.6 0.8 1.0

r

Fig. 8 Composite velocity in the development region for
a=10,t = ryand f = 1 4+ 0.5 cost.

[ =1+ 0.5 cost, that is, fi = 0.25. At the time of the great-
est forward flow, ¢ = 0, the profiles are flatter than those for a
steady flow alone. The degree of flatness increases, and hence
the maximum velocity reached at the centerline decreases,
with increasing o (Figs. 5-6). A sequence of profiles for
different times in the pulse cycle, but constant e, are given in
Figs. 6-8. The inflection points near the wall at times ¢ =
wm/2andt = 7 are due to flow reversal in the oscillatory com-
ponent.

The development length can be determined by examining
the variation of velocity with = at a given radial position,
taken to be the centerline in Fig. 9. A standard criterion is
to define the development length to be that z where these
curves reach 99%, of their asymptotic values. For steady
flow, the dimensionless development length is then 0.16.
In pulsatile flow the development length depends on «, the
fn, and time. For example, in the case for & = 1, the de-
velopment length at ¢ = 0 is 0.24, while at ¢ = = it is about
0.08. Thus, the development length oscillates about the
steady value, the magnitude of the oscillation being dependent
onthe f,and @. Thisis consistent with the findings of Atabek
and Chang.?

Based on the observation that the development length in
steady flow is proportional to the Reynolds number, that is,
proportional to the velocity at the tube entrance, it is of
interest to replot Fig. 9 in coordinates based on the instan-
taneous, rather than steady, velocity. This can be done by
dividing both u and z by f, and the results are shown in Fig.
10.  Here the curve for @ = 0 applies for both steady flow and
for pulsatile flow in the limit as « approaches zero. The
curves for o = 1 virtually duplicate that for & = 0, so that
this curve can be used to determine the development length
for pulsatile flows in the range @ < 1. For values of « higher
than unity, the curves deviate from that for & = 0 and de-
pend on time, indicating that unsteadiness is influencing the
flow development to a greater degree.

30 - it
25 asl0, t= T~
‘oo |1 a0, 12x/2 ]
" //LC:""TBT—
L — ] —]
— a-l0, 120
1.5 —
10 1F
0 002 004 006 008 O0l0 Ol )

X

f

Fig.10 Axial development of the velocity along the center-
line in coordinates based on instantaneous entrance ve-
locity, for f = 1 + 0.5 cost.
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Fig. 11 Effect of the elasticity parameter on the ampli-
tude of the oscillatory component of the pressure.

In the cases investigated, the development lengths ranged
from about half to twice the steady flow value of 0.16 aRe.
For Reynolds numbers in the arterial range, 10% to 103, this
length is comparable to the total lengths of many vessels,
which lie in the range of 80a to 150a. Thus, development
effects can occur over large portions of major vessels if the
entrance profiles are flat. The effect of entrance profiles
which are not axisymmetric or are not flat has not been de-
termined.

For very small values of = the shear stress at the wall, given
by Eq. (17), is much higher than that farther downstream.
If intimal injury is due to high shear,4® it would appear that

. that region close to the vessel entrance would be most suscep-
tible to injury.

Thus far the effect of the elasticity parameter has not been
discussed. Using Eq. (45), which is valid near z = 0 for
arbitrary e, the amplitude of the oscillatory component of the
pressure is shown for a range of € in Fig. 11. For values of
e up to 101, there are negligible deviations from the results
for a rigid tube, e = 0. At higher values of e elasticity does
affect the oscillatory pressure gradient. However, since the
elasticity parameter is of order 10~2 or smaller in the vascular
system, these results indicate that vessel distensibility has
little influence on flow development. This conclusion is
reinforced by the analysis given in the previous section that
indicated that if the first term on the right side of Eq. (43) is
multiplied by e =% with ko given by Eq. (44), then the solu-
tion is correct to order €'/?, with neglected effects only of
order e.

Tt is of interest to examine the solutions for u; valid to order
one and order €/2. Since the 8; are real, the second term on
the right side of Eq. (43) vanishes as x increases, leaving only
the first term, which then represents the fully developed os-
cillatory flow. To order one, that is, the limit of € = 0, the
first term isindeed identical to the solution for fully developed
flow in a rigid tube found by Womersley! and others. To
order €'/?, when the first term is multiplied by e ~*=+ti the
fully developed oscillatory flow has a traveling-wave behavior
with dimensional complex wave velocity given by

s _ BB -DA+ [, 2L
S 7TV y 1][1 z‘afﬂah(wa)] (46)

This is just the fully developed solution for wave propagation
and oscillatory flow in thick-walled elastic tubes.2:'4 Thus,
the solutions found here apply to both the development and
fully developed regions and give a unified theory for blood
flow in arteries.

VIII. Conclusions

A mathematical model for investigating flow development
in the large arteries has been presented. It includes the
effects of viscosity, pulsatile flow, and vessel elasticity.
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Velocity profiles, pressure distributions, wall displacements,
and wall stresses were found analytically for the high Reyn-
olds number regime.

For the physiological ranges of the flow and wall parameters,
it was found that the developing flow has a strong boundary-
layer character, resulting in high wall shear stresses near the
vessel entrances, a phenomenon of interest for intimal injury.
The development length depends primarily on the mean
Reynolds number, the unsteadiness parameter, and the
amplitude of oscillatory flow at the tube entrance; for typical
cases this length is quite large, indicating that development
effects can exist over much of the aorta and other major ves-
sels. [Effects of wall distensibility on flow development are
not significant for physiologically normal distensibilities.

Within the development region, harmonic interactions and
harmonic generation occur. As the distance from the en-
trance increases, however, the solutions found approach the
fully developed, traveling-wave type considered in most
previous analyses of blood flow. The present analysis thus
gives a total description of blood flow from the vessel entrance
through the fully developed region.

In conclusion, flow development effects can be significant in
the large arteries, and a knowledge of their characteristics-is
necessary for an understanding of vascular dynamics.
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